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We use both analytical theory and numerical simulations to study the image force on a charged particle
moving parallel to a two-dimensional strongly coupled Yukawa system. Special attention is paid to the effects
of strong correlation and nonlinear response in the Yukawa system on the dependences of the image force on
the particle velocity and its distance from the Yukawa system. Those effects are elucidated by comparing the
results obtained from a Brownian dynamics simulation with those from linear-dielectric-response theories
based on both the quasilocalized charge approximation and the standard Vlasov random phase approximation.
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I. INTRODUCTION

When a charged particle is in the proximity of a boundary
surface between two media—for example, between the air
and a conductor or dielectric—a charge density �or polariza-
tion� will be induced on the boundary surface, giving rise to
the so-called image force on the particle �1�. The image in-
teraction continues to play important roles in the develop-
ment of surface science—e.g., in surface tunneling micros-
copy �2� and in studies of the electron image states on solid
surfaces �3� or around carbon nanotubes �4�.

In the present article, we study the interactions of an ex-
ternal charge with a two-dimensional �2D� assembly of
strongly coupled particles repelling each other in the pair-
wise manner via the Yukawa-like potential of the form
��r�= ��Ze�2 /r�exp�−r /��, with Z being the charge number
on each particle, e�0 the elementary charge, � the �Debye�
screening length, and r the in-plane interparticle distance.
Such a Yukawa system is often used in studying the dynam-
ics of 2D colloidal crystals �5,6�. It may be also regarded as
a simplified model for several recent experiments involving
dusty plasmas �7–13�, where charged dust particles are levi-
tated and confined in the plasma sheath due to a strong elec-
tric field in that region, forming typically a monolayer of the
so-called plasma crystal or, in some instances, also quasi-3D
crystals with just a few layers �14�. In some of those experi-
ments, the focus was placed on external charged particles
moving parallel to the dust layers �7,9–11�, and we take up
here the task of exploring the image force on such particles
resulting from the dynamic polarization of a monolayer of
dust particles. This task is of fundamental interest because it
presents a theoretical recognition and analysis of the image
interaction within the context of strongly coupled 2D
Yukawa systems, but it also offers a promising aid to under-
standing the related experiments �7,9–14�, in particular, the
interactions among—and the stability of—multiple layers of
dust particles in plasmas, as well as the issues regarding the
orbital stability of external charges moving near dust mono-
layers. Specifically, we shall explore variations of the image
force with the relevant system parameters such as the cou-
pling parameter within the dust layer, as well as the speed
and distance of the external particle from that layer. Com-
parison of the results for the image force obtained from the

Brownian dynamics �BD� simulation with those of linear-
response theories will aid us in highlighting the strong-
correlation and the nonlinear response effects of the dust
layer.

A 2D Yukawa system is well characterized by the cou-
pling parameter �= �Ze�2 / �aT� and the screening parameter
�=a /�, where T is the system temperature �in energy units�
and a= ���0�−1/2 is the average interparticle distance, or the
so-called 2D Wigner-Seitz radius, with �0 being the equilib-
rium density per unit area of the 2D Yukawa system. For
convenience, we introduce here two additional parameters:
the nominal plasma frequency �p and the sound speed vs,

which are defined, respectively, by �p= �
2�e2Z2�0

m� �1/2 with m
being the mass of particles and vs=�pa. We shall be using
the so-called test charge formalism, which was first intro-
duced in Refs. �15,16� in the context of the wake field in
weakly coupled plasma. Thus, we refer to the external charge
as the test particle �TP�, assuming that it carries Zt elemen-
tary charges and moves with constant velocity v parallel to
the dust layer at a constant distance h, as shown in Fig. 1.
The potential 	ext by which the TP interacts with individual
particles in the dust layer immersed in a plasma sheath is not
well understood at present, mostly because of the unclear
role of the asymmetry in the potential 	ext brought up by the
ion flow in the sheath and the related wake effects �15–17�.

FIG. 1. �Color online� Schematic diagram for the model system
and the definition of the image force on test particle.
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While the use of the Yukawa model is well justified for the
interparticle interaction potential ��r� within the dust layer
in directions parallel to the sheath boundary �8�, a fully self-
consistent determination of the potential 	ext should be per-
formed, taking into account the ion-wake effects. Postponing
this task for a future work, we shall assume here 	ext to be
an isotropic, 3D Yukawa-like potential with the same screen-
ing length � as in the interparticle potential ��r� within the
layer �we shall be also using Zt=Z in all calculations�,
thereby disregarding the ion flow in the plasma sheath
�21,22�. While such an assumption simplifies the analysis in
the present work, it nevertheless has its merits for at least
two purposes: �a� unambiguous identification and estimation
of the order of magnitude of the image force in dusty plas-
mas and �b� achieving broader interest, e.g., in the context of
2D colloidal systems where the ion flow usually does not
play any significant role �5,6�.

A 2D Yukawa system may be treated as a dielectric me-
dium. In that context, a moving charged TP inevitably polar-
izes a dust layer, giving rise to a collective response which
often exhibits excitations of the dust-acoustic waves. If the
interaction with the TP is weak enough, the polarization of
the dust layer can be treated within the linear dielectric-
response formalism �15,16�, upon which our analytical mod-
els are based. As a consequence of this polarization, the TP
experiences forces which may be viewed as arising from the
collective effects of displacements of dust particles in the
longitudinal directions across the layer. The force component
acting in the direction parallel to the dust layer and opposing
the motion of the TP is called the stopping force, and it was
studied in detail elsewhere �22�. On the other hand, the im-
age force acts in the direction perpendicular to the dust layer
and pulls the TP toward that layer. Unlike the stopping force,
the image force does not vanish when the TP is stationary,
but rather usually attains its largest values for stationary TPs.
Of course, the image force is counteracted by a repulsive
force which is obtained as the sum of the repulsive Yukawa-
like interactions between the TP and individual dust particles
taken over their unperturbed positions within the layer.

After outlining the analytical theory used to evaluate the
image force based on the quasilocalized charge approxima-
tion �QLCA�, we shall briefly describe the method used for
measuring the perpendicular force from our BD simulation.
The subsequent presentation of the results and their com-
parative analysis will be followed by a summary of our find-
ings.

II. ANALYTICAL THEORY

We adopt a macroscopic point of view in which the whole
dust layer is regarded as a continuous 2D medium whose
response to the external electromagnetic disturbances may be
fully characterized by its dielectric response, while the mi-
croscopic details of the interparticle interactions and the
structure of the layer may be incorporated through an appro-
priate model dielectric function. So, to take into account the
short-range correlation effects within the dust layer, we use
in our analysis mainly the QLCA method due to Kalman and
Golden �18–20�, which has been found to be very successful

in describing the collective phenomena in strongly coupled
dusty plasmas �19–22�.

Consider a dust layer in the z=0 plane of a Cartesian
coordinate system with R= �r ,z� where r= �x ,y�, and a TP
moving with a constant velocity v parallel to the dust layer at
a constant distance h�0. Polarization of charges in the layer
will give rise to the induced electric potential 	ind�r ,z , t�,
which is related to the electric potential of the TP,
	ext�r ,z , t�, within linear-response theory, as follows:
	ind�k ,kz ,��= �
L

−1�k ,��−1�	ext�k ,kz ,��, where we have
used the Fourier transform with respect to space, R��r ,z�
→K��k ,kz�, and time, t→�, variables. Here, 
L�k ,�� is
the longitudinal dielectric response function of the 2D dust
layer which may be expressed as �23,24�


L�k,�� = 1 −
�0

2�k�

��� + i�� −
�0

m G�k,��
, �1�

where

�0
2�k� =

�0

m
��k�k2,

with

��k� =
2��Ze�2

�k2 + �−2�1/2

being the 2D Fourier transform of the Yukawa potential ��r�.
Here, � is a phenomenological damping factor �Epstein co-
efficient� accounting for the dust-neutral collisions in dusty
plasmas and G�k ,�� is the so-called dynamic local field cor-
rection �DLFC� function, introduced to account for the short-
range correlation effects beyond the mean-field random-
phase-approximation �RPA� description �23,24�. Note that
setting G�k ,��=0 simply recovers the RPA dielectric func-
tion in the so-called plasmon pole approximation.

Since it is difficult to construct the DLFC directly, we
adopt here its static form of the local field correction from
the QLCA method, in which

�0

m G�k ,�→���DL�k�, with
DL�k� being the longitudinal projection of the 2D QLCA
dynamical matrix. The function DL�k� may be expressed in
terms of the equilibrium radial distribution function �RDF�
of the dust layer, g�r�, as follows �19–22�:

DL�k� =
�p

2�

2
�

0

�

dr
g�r� − 1

r2 exp	−
r

�

�	1 +

r

�
+

r2

�2

− 	4 +

4r

�
+

2r2

�2 
J0�kr� + 	6 +
6r

�
+

2r2

�2 
 J1�kr�
kr

� ,

�2�

where J0 and J1 are the Bessel functions of the first kind. It is
clear that the evaluation of Eq. �2� requires an input for the
RDF, g�r�, which will be determined numerically from the
BD simulation.

Next, by applying the inverse Fourier transform, one ob-
tains the induced potential
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	ind�r,z,t� =
eZt�p

2�

2�
� d2k

�k��2 exp�−
z+h

�
�1 + �k��2 + ik · �r − vt��

�1 + �k��2�HL�k,k · v�
, �3�

where HL�k ,k ·v�= ����+ i��−DL�k��
L�k ,k ·v�. One can
obtain, in a similar fashion, also the expressions for the per-
turbed density distribution and the perturbed velocity field of
dust particles within the layer, which typically show Mach-
cone structure, as has been shown in our previous work �21�.
However, we are concerned here with the image force acting
on the TP, which is directly related to the induced potential
through the definition

Fim�v,h� � − eZt� �	ind

�z
�

r=vt,z=h

=
�eZt�2�p

2

2�
� d2k

�k��2 exp�− 2h
�
�1 + �k��2�

�1 + �k��2HL�k,k · v�
.

�4�

Note that, unlike the stopping force from our previous study
�22�, Fim is a conservative force because it can be written as
Fim=−�Vim /�h where Vim�v ,h� is the image potential of the
TP, defined by Vim= 1

2eZt	ind�r=vt ,z=h�. For example, in
the RPA limit �DL=0� with no screening ��→�� and for
a static �v=0� TP, we obtain from Eq. �4� the force Fim
=−e2Zt

2 / �4h2�, which is just the negative of the derivative of
the well-known image potential of a point charge eZt a dis-
tance h from a perfectly conducting plane, Vim=−e2Zt

2 / �4h�,
resulting from Eq. �3� under the same conditions �DL=0, �
→�, v=0�.

III. NUMERICAL RESULTS

To be consistent with our previous study of energy losses
of TPs moving parallel to dust layers, we use here the same
parameters as those in Ref. �22�. Specifically, we consider
the dusty argon plasma with the parameters selected accord-
ing to the relevant experiments �7�: bulk plasma density n0
=1.0108 cm3; electron temperature Te=3.0 eV; equal
temperatures for the plasma ions and the dust-particle sys-
tem, Ti=T=0.1 eV; mass density of dust particles, �d
=1.0 g /cm3; and their radius rd=2.0 �m. Under these con-
ditions, we obtain �=231 �m. We have found that varia-
tions in the discharge pressure p play no substantial role in
our simulations, so we fix it at the typical value of p
=20 Pa �7�, giving for the Epstein drag coefficient �
=25 s−1. We consider a range of � values covering a phase
transition from liquid to crystal, while keeping �=1 �and,
consequently, a=231 �m� throughout present simulations,
so that the dust charge Z varies in the range from −1260e to
−4000e depending on �. While keeping the TP charge fixed
at Zt=Z, we vary its speed v and its height h above the dust
layer, which both determine the strength of the TP coupling
with the dust layer, to be discussed in Figs. 3 and 5.

A. Description of the simulation

Charged dust particles interact with each other via the
Yukawa potential ��r�, with the strength of interaction fully
characterized by � and �, and are simultaneously exposed to
random forcing due to asymmetric molecular bombardment
by the neutral gas, giving rise to a Brownian component in
the motion of each dust particle. Our simulation is based on
the BD method �25–27� in which we track the Brownian
motions of a number of dust particles in a rectangle with the
periodic boundary conditions. While the details of the algo-
rithm will be discussed elsewhere, we give here only an out-
line of our simulation, which consists of two steps. Initially,
no external perturbation is applied to the system, which con-
sists of N=1600 charged particles being initially placed at
random positions in the computational domain. They then
undergo Brownian motions while interacting with each other,
until the system reaches the equilibrium. This calculation
reveals some dynamical properties of the system, such as the
phonon spectra and the dispersion relations for collective
modes, as well as some static properties, such as the RDF
which is then used as an input for the QLCA model in Eq.
�2�. In the second step �after the system has reached the
equilibrium�, a TP carrying Zt elementary charges, is pro-
jected into the system at a constant distance h from the dust
layer. Without losing generality, we assume here that the TP
moves on a straight line along the x direction with constant
velocity v, as shown in Fig. 1.

The details of the interactions between the TP and all
particles in the dust layer are recorded giving, e.g., the wave
excitation patterns and their propagation in the layer, as well
as their relaxation after the perturbation ceases. In particular,
the total force Ft exerted on the TP by the dust particles is
measured directly. In order to obtain the image force, we first
record the perpendicular component of the total force, F�

� ẑ ·Ft. To show how this measurement works, we give in
Fig. 2�a� several samples of the direct measurements of F�

as a function of the position x when the TP moves at several
speeds from the left to the right over the computational do-
main �for clarity, we do not show the whole range of these
measurements in Fig. 2�. Note that, hereafter, the speed of
the TP is normalized by vs which depends on �, while the
force is normalized by Fn=Te /�, in the same way as was the
stopping force normalized in Ref. �22�. We see that the force
is not only a �random� function of x, but is also velocity
dependent. The quasi-oscillatory behavior of the forces seen
in Fig. 2�a� is attributed mainly to the discrete structure of
the dust distribution within the layer, as one can conclude
from similarity of the curves obtained at different speeds.
The TP experiences forces from all particles in the dust layer;
however, those particles at the shortest distances from the
TP—i.e., those participating in “head-on” collisions with the
TP—normally contribute the most. As a consequence, the
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“peaks” seen in the oscillations of forces shown in Fig. 2�a�
are approximately related to the positions of such “head-on”
encounters. This picture is quite similar to that occurring in
the scanning force microscope �SFM� measurements, where
the tip is moving over a solid surface, giving information on
the surface structure which is reflected in the force �including
the image force� acting on the tip �28�. However, in a real
dusty plasma experiment, this position-dependent behavior
of the perpendicular force could be very difficult to observe.
What one could measure, however, are the mean values of
these forces. Namely, one expects F��x� to be a stationary
�and ergodic� stochastic process for a given speed, so one
can evaluate the cumulative force over the path of length x,
as follows from 1

x �0
xF��x��dx�, and register its value after

large enough x, giving thus an approximation to the mean of
F�. In Fig. 2�b� we show several samples of the cumulative
force evaluated in this way, which are all seen to approach
steady, velocity-dependent values after the TP has traversed a
long enough path.

In Fig. 3 we display by the chain curves the thus mea-
sured mean perpendicular force F� versus the distance h for
several TP speeds. The straight thin solid line shows the case
based on the measurements of the force on a moving TP
when the perturbation of the dust layer is artificially ne-
glected; we thus refer to this force as the unperturbed force
F0�h�. Note that this repulsive force is actually independent
of the TP speed. We have found it to be well fitted, regardless
of the actual structure of the dust layer, by the analytical
result

F0 = 2�ZtZe2�0 exp�− h/�� , �5�

obtained from a superposition of the Yukawa-like potentials
between the TP and the dust particles when they are assumed

to be continuously distributed within the layer. However,
when the perturbation of the dust layer by the TP is allowed
for in our simulation, the force dependence on the distance h
is quite different from the exponentially decaying unper-
turbed force F0�h�. One notices in Fig. 3 that the repulsive
character of the total measured perpendicular force weakens
as the TP moves closer to the dust layer, eventually reaching
zero when the TP is in the layer �not shown in this figure�, so
that effectively F� passes through a broad, velocity-
dependent maximum at distances on the order of the inter-
particle spacing a within the layer. Such behavior is a con-
sequence of the rearrangements of the dust particles, or the
polarization of the dust layer by the moving TP, which gives
rise to an attractive component in the measured F� when the
TP is close to the layer. Thus, the difference F0−F�—i.e.,
the unperturbed force minus the total perpendicular force—
gives the magnitude of the image force from our BD simu-
lation.

B. Comparison with analytical models

In Fig. 3 we also show, by the unchained curves, the re-
sults for the total force F0+Fim, where F0 is evaluated from
Eq. �5� and the image force Fim from Eq. �4� in the QLCA
model with the RDFs obtained from the same sets of the BD
simulations as those used to measure the perpendicular
forces F�, shown by the corresponding chain curves in the
same figure. One notices in Fig. 3 very large discrepancies
between the numerical and analytical results, especially
when the TP is close to the dust layer, which point to the
possibly very strong nonlinear effects in the dust-layer re-
sponse. We therefore concentrate in the following on com-
parisons between the results for the image force obtained
from the BD simulation and those obtained from both the
QLCA and RPA models. We shall specifically consider the
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velocity dependence of the image force for several values of
the coupling strength and the TP distance, in order to reveal
the effects of both the strong correlation and the nonlinear
response in the dust layer.

In Fig. 4 we show the magnitude of the image force ver-
sus the TP speed v for several coupling strengths � and with
the fixed distance h=1.5�. A general feature shown by all
curves in Fig. 4 is that the image force is most pronounced in
the region of low speeds and quickly diminishes at high
speeds, with the transition region being around the sound
speed vs. This can be understood by the fact that at low
speeds the dust layer has enough time to respond �through
displacements of the dust particles� to the perturbation
caused by the moving TP and consequently undergoes a
stronger polarization for slower TPs and vice versa. Another
important feature revealed in Fig. 4 is that the results from
the RPA method are increasingly inadequate as the coupling
strength increases, as expected, especially at speeds below
the sound speed. On the other hand, one can notice in Fig. 4
a very good agreement between the simulation results and
the curves obtained from the QLCA method for all speeds
and all coupling strengths shown in that figure, indicating
that the QLCA method successfully captures the strong-
coupling effect. However, it should be pointed out that this

success of the QLCA method, being a linear theory, hinges
on the relatively large distance h used in Fig. 4, which guar-
antees that the TP exerts a sufficiently weak perturbation on
the dust layer. Nonlinear effects are expected to become in-
creasingly significant in the image force when the charge of
the TP increases and/or when its distance from the dust layer
decreases.

In Fig. 5 we show the magnitude of the image force ver-
sus the TP speed v for several distances h and with fixed
coupling strength of �=1000. One notices in the figure that,
while the QLCA results agree quite closely with the simula-
tion data at all speeds for the distance h=1.2�, as in Fig. 4,
and somewhat less closely for the intermediate distance of
h=0.8�, this agreement deteriorates spectacularly when the
TP moves at the shortest distance displayed, h=0.4�, for
practically all speeds which yield a sizable image force for
that case. �Interestingly, the RPA seems to give a better
agreement, possibly fortuitously, with the BD data than the
QLCA does for the lowest speeds, as well as for the inter-
mediate speeds—say, vs�v�2vs—in the case of the short-
est distance h shown in Fig. 5.� While an obvious explana-
tion stems from the fact that the QLCA method is essentially
a linear theory, one can pinpoint the direct cause of the QL-
CA’s failure as being its use of the equilibrium RDF in Eq.
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�4�. Namely, at h=0.4�=0.4a, with a being the average in-
terparticle distance within the dust layer, the perturbation
brought by the TP to that layer is so strong that the concept
of a RDF for the dust layer is no longer justified locally. We
have found similar effects of short distances in our previous
simulations of the stopping force on moving TPs, pointing to
the same conclusion �22�.

In order to address the nonlinear effects in a more quan-
titative manner, we define a parameter, the projectile-target
coupling strength �, which characterizes the interaction be-
tween the TP and dust particles and is defined by �
=Vtd / �Vdd+mv2 /2�, similar to the definition given in Ref.
�29�, where Vtd= ZtZe2 exp�−h /a� /h is the maximum of the
interaction energy between the TP and a dust particle, and
Vdd=Z2e2 exp�−�� /a is the average pairwise interaction en-
ergy within the dust layer. Considering the criterion for a
weak coupling to be ��1, one may explain well the regions
of good agreement between the QLCA results and the BD
data for the image force observed in Figs. 4 and 5.

IV. SUMMARY

We have presented a combined analytical and numerical
analysis of the image force on a charged particle moving
over a two-dimensional strongly coupled Yukawa system,
representing typical experimental configurations involving
dust layers in the plasma sheath regions. The dependences of
the image force on the coupling strength, projectile speed,
and its distance from such a layer are discussed in detail.
Comparisons of the results derived from two analytical mod-
els, the RPA and the QLCA, with those of the BD simulation
revealed several important features of the image force. Good
agreement between the QLCA results and the BD simulation
is found in the parameter range where conditions for a weak
perturbation are met, primarily requiring large enough dis-
tances between the projectile and the dust layer and/or high

enough projectile speeds. On the other hand, agreement be-
tween the RPA results and the BD simulation is observed
only for very high projectile speeds, where both effects of
strong correlation and nonlinear response are not significant.

Besides its fundamental interest in analyzing the dynamic
polarization of strongly coupled Yukawa systems, this study
also points to the need of including the image force in future
simulations which will consider full dynamics of the projec-
tile motion. Namely, a simple analysis of our expression �4�
for the image force shows that, in the linear-response regime,
its order of magnitude is Fim��eZ /��2, which is comparable
to most of the other forces occurring in dusty plasmas, such
as the average screened electrostatic interparticle force, the
ion-wake force �15–17�, and the ion-drag force �see, e.g., Eq.
�6� and Fig. 1 in Ref. �30��, as well as the so-called shadow
force �see, e.g., Eq. �1� and the text above it in Ref. �31�, and
references therein�, all sharing the same order of magnitude,
�eZ /��2. However, it should be stressed that, for a real 2D
dusty plasma formed in a plasma sheath, calculations of the
image force should examine how the asymmetry in the test-
particle potential 	ext due to the ion wake, which was ne-
glected in the present calculation, affects the polarization of a
dust layer. While we do not expect significant differences in
the order of magnitude of the image force on test particles, in
future work we shall undertake a more elaborate determina-
tion of this force in the presence of an ion wake in the po-
tential 	ext due to ion flow in a plasma sheath �15–17�,
which may reveal novel and interesting qualitative features
in the image force, not present in condensed matter systems
�2,3�.
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